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There are polarized structure functions b1−4 for the spin-1 deuteron. We calculated the leading-
twist tensor structure function b1 by using convolution description for the deuteron. We found large
differences between our theoretical functions and HERMES experimental data on b1. Although
higher-twist effects should be considered in obtaining experimental b1, it suggests a possible exis-
tence of new hadron physics mechanism for spin-1 hadrons. Furthermore, we found that there are
significant distributions at large Bjorken x. In future, an experimental measurement is planned
at JLab for b1 and there is a possibility of a proton-deuteron Drell-Yan experiment at Fermilab
with the tensor-polarized deuteron, so that further theoretical studies are needed for clarifying the
physics origin of tensor structure in terms of quark and gluon degrees of freedom.
PACS numbers: 13.60.Hb, 13.88.+e
I. INTRODUCTION
The discovery of nucleon spin puzzle created the field
of high-energy spin physics. So far, the studies have been
focused on spin-1/2 nucleon. It is known that there exist
additional structure functions b1−4 for a spin-1 hadron
in charged-lepton deep inelastic scattering due to the ex-
istence of tensor structure [1, 2]. There are some the-
oretical studies on the tensor-polarized structure func-
tions, and the first measurement of b1 was reported by
the HERMES collaboration [3]. A useful parametriza-
tion was proposed for the tensor-polarized parton distri-
bution functions (PDFs) from the HERMES data [4] by
using a constraint for the b1 sum proposed for the tensor-
polarized valence-quark distributions [5]. Although the
b1 data are not still accurate, the measurement indi-
cates interesting features different from conventional the-
oretical calculations. As the deviation from the naive-
quark-model prediction created the topic of nucleon spin
puzzle, it is important to show a conventional theoret-
ical estimate with the standard deuteron model since a
possible experimental deviation may indicate a “tensor-
polarization puzzle”.
As such a “standard” model of the deuteron for de-
scribing the twist-two structure function b1, we use a
convolution picture. Namely, the tensor-polarized struc-
ture function b1 is given by unpolarized structure func-
tions convoluted with tensor-polarized lightcone momen-
tum distributions of the nucleon. There are such studies
for b1 in Refs. [2, 6]. We try to test their results by inde-
pendent ways. We use two theoretical descriptions. One
is a basic convolution model and another is the virtual-
nucleon-approximation model. Such convolution models
have been used also as a baseline calculation for the nu-
clear structure function FA2 at medium and large x in
which nuclear effects were taken into account through
the binding and nucleon Fermi motion in a nucleus to-
gether with short-range correlations. These physics in-
gredients are contained in the spectral function, which
is the nucleon’s four-momentum distribution in the nu-
cleus. We directly apply such descriptions for calculating
the structure function b1. If the calculated b1 distribu-
tion is much different from the HERMES measurement, a
new hadron physics mechanism could be considered be-
yond the standard model of the deuteron in describing
the tensor structure in terms of quark and gluon degrees
of freedom [7].
The purpose of our research is to show the convolu-
tion result on b1 as the standard theoretical estimate
and to discuss its comparison with the HERMES data
[8]. In particular, a new accurate measurement of b1 will
start in a few years at JLab [9] and a possible Drell-
Yan experiment is considered at Fermilab with a tensor-
polarized deuteron [10, 11]. Furthermore, other exper-
iments are possible in principle for the tensor-polarized
structure functions at BNL, EIC, J-PARC, GSI-FAIR,
and IHEP@Russia.
II. THEORETICAL FORMALISMS FOR b1
The cross section for deep inelastic scattering of
charged lepton from a spin-1 hadron is given by a hadron
tensor multiplied by a lepton tensor, and the hadron ten-
sor is expressed in terms of eight structure functions as
[2, 12]
Wλ
′λ
µν (P, q) =
∫
d4ξ
4π
eiq·ξ 〈P, λ′ | [ J emµ (ξ), J emν (0)] |P, λ 〉
=− F1gˆµν + F2
Mν
PˆµPˆν +
ig1
ν
ǫµνλσq
λSσ
+
ig2
Mν2
ǫµνλσq
λ(P · q Sσ − S · q P σ)
− b1rµν + 1
6
b2(sµν + tµν + uµν)
+
1
2
b3(sµν − uµν) + 1
2
b4(sµν − tµν). (1)
The tensor-polarized structure functions are b1−4, which
do not exist for the spin-1/2 nucleon. Here, gˆµν and
Pˆµ are defined as gˆµν ≡ gµν − qµqν/q2 and Pˆµ ≡ Pµ −
qµP · q/q2 to satisfy the current conservation qµWµν =
qνWµν = 0. The coefficients rµν , sµν , tµν , and uµν are
defined by the spin-1 polarization vector, hadron and
virtual-photon momenta (P , q), and initial and final spin
states (λ, λ′), and their actual expressions should be
found in Refs. [2, 12]. The structure functions b3 and
b4 are twist-4, and b1 and b2 are leading-twist functions
which are related to each other by the Callan-Gross type
relation 2xb1 = b2 in the Bjorken scaling limit. We may
first investigate the leading function b1 (or b2).
The structure function b1 is expressed in terms of the
tensor-polarized PDFs δ
T
f(x,Q2) in the parton model as
b1(x,Q
2) =
1
2
∑
i
e2i
[
δ
T
qi(x,Q
2) + δ
T
q¯i(x,Q
2)
]
,
δ
T
f(x,Q2) ≡ f0(x,Q2)− f
+1(x,Q2) + f−1(x,Q2)
2
. (2)
Here, fλ is an unpolarized parton distribution in the
hadron spin state λ and ei is the charge of the quark
flavor i. The Bjorken scaling variable x is defined as x =
Q2/(2MNν) with the nucleon massMN and ν = P ·q/M ,
and its range is given by 0 < x < 2 for the deuteron.
There is a sum rule for b1 [4, 5] in the similar way with
the Gottfried sum rule [13]:∫
dx b1(x) = − lim
t→0
5
24
t FQ(t)
+
1
9
∫
dx
[
4 δ
T
u¯(x) + δ
T
d¯(x) + δ
T
s¯(x)
]
,
∫
dx
x
[F p2 (x)− Fn2 (x)] =
1
3
+
2
3
∫
dx [u¯(x) − d¯(x)], (3)
where FQ(t) is the electric quadrupole form factor for
the spin-1 hadron and the first term, which comes from
tensor-polarized valence-quark distributions, vanishes:
limt→0
5
24 tFQ(t) = 0. It could be used as a guideline
in investigating b1. As the Gottfried-sum-rule violation
initiated the studies of u¯− d¯ [13], a finite b1 sum could in-
dicate tensor-polarized antiquark distributions. In fact, a
finite b1 sum was suggested in the HERMES experiment,
and it is interesting to measure the tensor-polarized anti-
quark distributions in the Fermilab-E1039 Drell-Yan ex-
periment [11].
For calculating b1 in the standard deuteron model with
D-state admixture, we introduce two convolution models.
(A) One is a basic convolution description and (B) an-
other is a virtual nucleon approximation which includes
higher-twist contributions.
A. Theory 1: Basic convolution description
In the convolution description of nuclear structure
functions WAµν , the hadron tensor is given by the nu-
cleonic one Wµν convoluted with the momentum distri-
bution of the nucleon, so called spectral function S(p),
as
WAµν(PA, q) =
∫
d4p S(p)Wµν(p, q),
S(p) =
1
A
∑
i
|φi(~p )|2δ
(
p0 −MA +
√
M 2A−i + ~p
2
)
, (4)
where p and PA are momenta for the nucleon and nu-
cleus, and φi(~p ) is the momentum-space wave function
for the i-th nucleon. It explains major features of nu-
cleon modifications at medium and large x (x > 0.2) by
the mechanisms of nuclear binding, Fermi motion, and
short-range correlations contained in the spectral func-
tion.
The hadron tensor for the deuteron can be expressed
by their helicity amplitudes of the virtual photon as [2]
AhH,hH(x,Q
2) = ε∗µh ε
ν
hW
D
µν (pD , q), (5)
and the corresponding one Aˆhs,hs(x,Q
2) for the nucleon.
Here, εµh is the photon polarization vector. The structure
function b1 of the deuteron and F1 of the nucleon (F
N
1 )
are expressed as [2, 14]
b1 = A+0,+0 − A++,++ +A+−,+−
2
,
FN1 =
A+↑,+↑ +A+↓,+↓
2
, (6)
in the Bjorken scaling limit. Using these equations, we
obtain a convolution expression for b1 defined by the one
per nucleon as
b1(x,Q
2) =
∫
dy
y
δT f(y)F
N
1 (x/y,Q
2),
δT f(y) ≡ f0(y)− f
+(y) + f−(y)
2
. (7)
The lightcone momentum distribution is expressed by the
deuteron wave function φH(~p ) as
fH(y) =
∫
d3p y |φH(~p ) |2 δ
(
y − E − pz
MN
)
. (8)
The variable y is the momentum fraction defined by
y = M p · q/(MN P · q) ≃ 2 p−/P− where the light-
cone momentum is defined by p− ≡ (p0 − p3)/√2 by
taking z-axis along the virtual-photon momentum direc-
tion. Using the deuteron wave function with the D-state
2
admixture, we obtain
δT f(y) =
∫
d3p y
[
− 3
4
√
2π
φ0(p)φ2(p) +
3
16π
|φ2(p)|2
]
× (3 cos2 θ − 1) δ
(
y − p · q
MNν
)
, (9)
where φ0(p) and φ2(p) are S- and D-state wave functions.
According to this basic convolution model, the structure
function b1 arises due to the D-state admixture. For cal-
culating Eq. (7), we need the structure function FN1 . In
our work, we use the leading-order (LO) expression with
the longitudinal-transverse ratio R as
FN1 (x,Q
2) =
1 + 4M2N x
2/Q2
2 x [1 +R(x,Q2)]
FN2 (x,Q
2),
FN2 (x,Q
2)LO = x
∑
i
e2i
[
qi(x,Q
2) + q¯i(x,Q
2)
]
LO
. (10)
B. Theory 2: Virtual nucleon approximation
The cross section for the charged-lepton DIS from the
polarized deuteron is expressed by the polarization fac-
tors and structure functions:
dσ
dx dQ2
=
πy2α2
Q4(1 − ǫ)
[
FUU,T + ǫFUU,L
+ T‖‖ (FUTLL,T + ǫFUTLL,L)
+ T‖⊥ cosφT‖
√
2ǫ(1 + ǫ)F
cosφT‖
UTLT
+ T⊥⊥ cos(2φT⊥) ǫ F
cos(2φT⊥ )
UTTT
]
, (11)
where ǫ is the degree of the longitudinal polarization of
the virtual photon, the details on the longitudinal and
transverse polarization factors (T‖‖, T‖⊥, T⊥⊥) and the
angles (φT‖ , φT⊥) should be found in Ref. [15]. Among
the structure functions, FUTLL,T and F
cos(2φT⊥ )
UTTT
are re-
lated to b1 and they are expressed by the helicity am-
plitudes and tensor-polarized structure functions b1−3 as
FUTLL,T =
2√
6
(A++,++ − 2A+0,+0 +A+−,+−) ,
= − 1
x
√
2
3
[
2(1 + γ2)xb1 − γ2
(
1
6
b2 − 1
2
b3
)]
,
F
cos(2φT⊥ )
UTTT
= −
√
2
3
ℜeA+−,−+ = −
√
2
3
γ2
x
(
1
6
b2 − 1
2
b3
)
,
(12)
where γ =
√
Q2/ν. From these equations, b1 is expressed
by these two structure functions as
b1 = − 1
1 + γ2
√
3
8
[
FUTLL,T + F
cos(2φT⊥ )
UTTT
]
. (13)
Now, we explain the virtual nucleon approximation
(VNA) for calculating b1. It considers the np compo-
nent of the light-front deuteron wave function. The vir-
tual photon interacts with one nucleon which is off the
mass shell, while the second non-interacting “spectator”
is assumed to be on its mass shell. Then, the structure
functions are obtained by integrating over all possible
spectator momenta ~pN :
Wλ
′λ
µν (P, q)=4(2π)
3
∫
dΓN
α
N
αi
Wµν(pi, q)ρD(λ
′, λ), (14)
where dΓN is the phase space for the spectator nucleon.
The factor 4(2π)3 comes from the definition of deuteron
lightcone wave function, and the factor α
N
/αi exists be-
cause the hadron tensor Wµν is for the nucleon with mo-
mentum pi instead of the nucleon at rest [15]. The light-
cone momentum fractions are defined for the interacting
(i) and spectator (N) nucleons as αi = 2 p
−
i /P
− and
α
N
= 2 p−N/P
− = 2−αi. The deuteron density ρD(λ′, λ)
is defined by the deuteron wave function ΨDλ (
~k, λ′N , λN )
as
ρD(λ
′, λ) =
∑
λN , λ
′
N
[ΨDλ′(
~k, λ′N , λN )]
†ΨDλ (
~k, λ′N , λN )
α
N
αi
. (15)
The wave function ΨDλ is then expressed by the S- and
D-wave components φ0 and φ2. Calculating the structure
functions in Eq. (12) and using the relation of Eq. (13),
we finally obtain b1 in the VNA model:
b1(x,Q
2) =
3
4(1 + γ2)
∫
k2
αi
dk d(cos θk)
×
[
FN1 (xi, Q
2)
(
6 cos2 θk − 2
)
− T
2
2 pi · qF
N
2 (xi, Q
2)
(
5 cos2 θk − 1
) ]
×
[
−φ0(k)φ2(k)√
2
+
φ2(k)
2
4
]
, (16)
where θk is the angle between ~k and ~q, and T
µ is defined
by T µ = pµN+q
µpN ·q/Q2−LµpN ·L/L2 with Lµ = Pµ+
qµP · q/Q2. As obvious from the above derivation, the
b1 of the VNA model includes higher-twist contributions,
whereas the first basic model of Eq. (7) was obtained by
using the relation (6) in the scaling limit.
III. RESULTS
We show results on b1 by integrating the expressions
in Eqs. (7) and (16). For this numerical evaluation, we
choose the PDFs for calculating FN2 , the longitudinal-
transverse ratioR, and the deuteron wave function. They
are taken as MSTW2008 (Martin-Stirling-Thorne-Watt,
2008) leading-order (LO) parametrization, the SLAC-
R1998 parametrization, and the CD-Bonn wave function,
respectively.
Since the average scale of the HERMES measurement
is Q2 = 2.5 GeV2, we show our result at this Q2. In
Eqs. (7) and (16), there are two components, φ0φ2 and
φ 22 , which are called SD and DD terms. These contri-
butions are shown in Fig. 1 with total b1 curves for the
two theoretical descriptions. The order of magnitude is
rather small and the distributions are less than 10−3.
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FIG. 1. Structure function b1 calculated by the two convo-
lution descriptions at Q2=2.5 GeV2. The contributions from
the SD term, DD term, and their summation are shown [8].
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FIG. 2. Calculated structure functions at Q2 = 2.5 GeV2 are
compared with HERMES experimental data [8].
We notice that these results are very different from pre-
vious convolution estimates of Refs. [2, 6] in the following
points.
(1) Although theoretical formalisms are similar, our
distributions, namely magnitude and x depen-
dence, are very different. Especially, the SD curves
have opposite sign to the one in Ref. [6].
(2) The finite distributions exist at large x, even at
x > 1 although there is no distribution in Ref. [6].
There are also relatively large differences between two
theory results. We checked that both results become
similar in the scaling limit, which indicates that higher-
twist effects are the major sources for the differences. In
addition, there are effects coming from slightly different
normalizations for the lightcone wave functions [8].
Next, our results are compared with the HERMES
data in Fig. 2. It is obvious that theoretical curves
are much different from the data. In the measured x
range (x < 0.5), the experimental magnitude is one-order
larger than both theoretical estimates. Furthermore,
there are relatively large distributions even at large x
(0.6 < x < 0.8). Because the HERMES errors are large,
we cannot draw a solid conclusion from this comparison.
However, the large differences indicate that possibly a
new hadron physics mechanism could be needed for their
interpretation, although there are still some rooms to im-
prove, for example, by considering higher-twist effects in
extracting b1 experimentally from the spin asymmetry
Azz as pointed out in Ref. [8].
It is puzzling to find the large differences between the
data and our standard convolution descriptions. In fu-
ture, the JLab experiment will start in a few years to
measure accurately b1 at medium x (0.3 < x < 0.5),
and there is a possibly to measure the proton-deuteron
Drell-Yan process in the Fermilab-E1039 Drell-Yan ex-
periment [11]. Therefore, such a puzzle should be clari-
fied by future studies; however, further theoretical studies
are needed to clarify the situation and to consider a new
mechanism to explain the HERMES data. Possibly, a
new hadron spin field could be explored by such studies.
IV. SUMMARY
We calculated the tensor-polarized structure function
b1 by using the standard deuteron model with D-state
admixture and the two convolution models. We found
that our b1 values are much smaller in magnitude than
the HERMES data in the range x < 0.5. It could indi-
cate possible existence of a new hadron mechanism for
interpreting the large differences, although other contri-
butions such as higher-twists should be investigated.
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